1 Introduction quantity to salvage. Generally, remanufacturing has greater profit than recycling. However, since the value of high-tech products deteriorates over time and considering holding cost, it should be decided whether to salvage the product immediately or remanufacture it. Harrison (1975) studies the problem of admission control for a single server queue with linear cost functions. Souza, Ketzenberg, and Guide (2002) study a system where the returned products are required to be processed in parallel GI/G/1 stages. Later, Guide et al. (2008) modify the assumption of positive salvage value in Harrison (1975) and present a mathematical model under the assumption of Poisson arrival rates and general service rates (M/G/1). Their work is followed by Karamouzian, Teimoury, and Modarres (2011) who study the multistage version of the problem with stochastic remanufacturing routing, but limit their mathematical model by considering Exponential service rates. Karamouzian, Naini, and Mazdeh (2014) extend Guide et al. (2008) by applying shortest expected processing times (SEPT) as the dispatching rule for a single-stage remanufacturing process (M/G/1/SEPT). Fathi, Zandi, and Jouini (2014) study the disposition decision problem further in two directions: (1) considering two streams of returns where one of the inter-arrival times follows Hyperexponential distribution (H/M/1) and the other follows Exponential distribution (M/M/1), and (2) investigating the impact of merging the remanufacturing stages for the two streams (H + M/M/1). All of the papers introduced above take quality uncertainty of the returns, exponentially deteriorated values and net present value into account. Ferrer and Swaminathan (2006) analyze two-period and multi-period scenarios where the manufacturer only produces the new product in the first period, but has the option of making new and remanufactured products in subsequent periods. Pricing decisions impact the dynamics across periods in such cases. In their paper, they characterize the production quantities associated with self-selection and explore the effect of various parameters in the Nash equilibrium. Naeem, Dias, Tiberwal, Chang, and Tiwari (2013) consider a single item dynamic lot sizing problem with manufacturing and remanufacturing provisions and present two models: (1) deterministic demands and returns model, and (2) probabilistic demands and returns models. In the former the demands and returns are discrete and deterministic over a full time horizon i.e. exact future demands can be predicted. A dynamic programming based model is also developed with the objective to determine the quantities that have to be manufactured or remanufactured at each period to minimize the total cost, including production cost, holding cost for returns and finished goods, and backlog cost. Geyer, Van Wassenhove, and Atasu (2007) model and quantify the cost-savings potential of production systems that collect, remanufacture, and remarket end-of-use products as perfect substitutes while facing the fundamental supply-loop constraints of limited component durability and finite product life cycles. They investigate the profitability of remanufacturing under basic supply-loop constraints such as accessibility of end-of-use products (collection rate), technical feasibility of remanufacturing (durability), and market demand for remanufactured products (life cycle).
Although a couple of recent research studies have been conducted to address different versions of this problem, we are not aware of a research study in which availability of returns at time zero incorporated with disposition decision has been considered. All of the reviewed papers in this context consider the stochastic arrival times which makes it difficult to integrate their models with tactical decisions such as pricing models. Considering the availability of all the jobs at time zero is common in scheduling context (Alidaee & Womer, 1999) . Thus, this paper contributes to the current literature on disposition decision in remanufacturing problem.
On the modeling methodology
The disposition problem is approached with two main methods: Mathematical modeling and Discrete-Event Simulation (DES). Since the arrival and process rates are stochastic, the mathematical formulations represent the average expected values in steady-state period (Fathi et al., 2014; Guide et al., 2008; Karamouzian et al., 2011 Karamouzian et al., , 2014 . Otherwise, even the average expected values have to be approximated (Souza et al., 2002) . To validate the mathematical models presented in research studies, DES is employed frequently (Fathi et al., 2014; Guide et al., 2008) . However, DES can also be used to approximate the best average expected value of the objective function (Guide et al., 2008) . In spite of the research problem intricacy, a mathematical model facilitates analyzing the system by clearly flagging the parameters that impact the objective function and the extent to which they impact it. Therefore, a mathematical model is an appropriate method to tackle this problem.
Problem definition and mathematical model development

Problem definition
Unclassified returns are received in batches. Inspection is the first process a returned product must undergo. From the inspection stage and with multinomial distribution, returns are directed to different remanufacturing stations on the basis of the class they are assigned to. Discrete classes of returns with multinomial distribution function are considered in Teunter and Flapper (2011) . After inspection, two options are available for the classified products: to be sold immediately on their salvage values or to be remanufactured. The remanufactured products are sold and the deteriorated profit is calculated with an exponential function like , where t is the delay time, represents the selling price at time zero and β incorporates holding cost, remanufacturing cost and revenue decay (Guide et al., 2008) . Note that in Guide et al. (2008) and the research studies conducted after, r is considered as a decreasing function of time to capture the remanufacturing cost. However, in this research, we incorporate remanufacturing cost implicitly in the deterioration rate so that it still increases if the delay time increases. The configuration of the system under study is depicted in Fig. 2 . Karamouzian et al. (2014) consider a multi-class M/G/1 system where each station is remanufacturing a certain grade of the returns. Souza et al. (2002) also study a remanufacturing system consisting of multi-class GI/G/1 remanufacturing station where each station is devoted to a certain quality category or type of the returns.
After inspection, returns are transferred to one of the intermediate storage areas according to their quality conditions. It is assumed that the inspection rate is higher than the remanufacturing rates, so that the returns are accumulated in the intermediate storage areas (remanufacturing stages will not starve). For many groups of products, remanufacturing process may be time consuming whereas the inspection process can be performed in a relatively shorter period of time. Therefore, the addressed assumption makes sense for many real world cases.
The associated unit costs and selling prices are unique for each category. In other words, quality condition variability and the diversity of selling prices are taken into account. There is no assumption for the probability distributions of inspection and remanufacturing times; only the expected values are considered.
Mathematical model
In this paper, mathematical modeling is the main methodology to approximate the desired values (quantity of returns to remanufacture and the total profit). Although mathematical models are difficult to generate, they provide an insight into the role of the model parameters in a reasonable period of time compared to simulation models. But, simulation modeling techniques are commonly used to validate such mathematical models as it is the case with this proposed model.
The notation, parameters and decision variables used in the model are as follows:
I: Set of quality condition classes and remanufacturing stations.
: The number of returns to be remanufactured during one operating period from class .
: The number of operating periods required to remanufacture all of the returns for class .
: The operating period in which the jth return belonging to class would be remanufactured.
: The waiting/delay time of the jth item belonging to the ith class.
: The deterioration rate.
: The rate at which station remanufactures the returns (remanufacturing rate).
: The probability that a return belongs to class .
: Inspection rate. : The selling price at time zero for a return which is categorized in class and remanufactured.
Sal: The salvage value of a return which is sent for recycling.
T: Production period.
U: Operating period.
: The total number of received returns.
: The quantity of returns to remanufacture from class .
: The total deteriorated profit gained by remanufacturing or salvaging the returns categorized in class . However, the total profit from all the items is: .
Each quality condition class is indexed by . In other words, different remanufacturing processes which are required due to quality heterogeneity are represented by set I. is the required number of operating periods to remanufacture the returns in category and the number of returns which can be remanufactured during one operating period is represented by . To determine and , production period (T), operating period (U), expected proportion of the returns categorized in class , inspection rate (λ) and remanufacturing rates ( ) should be considered. According to Pazoki and Abdul-Kader (2014) , if all of the returns in station are remanufactured continuously with no breaks or idle times, the delay time of the jth item, , would be:
Thus, the number of returns to remanufacture during each operating period (except the last period), , is (Pazoki & Abdul-Kader, 2014) :
where is the quantity to remanufacture in the first operating period and is the quantity to remanufacture for all operating periods except the first one and the last one. For the sake of simplicity, we assume that for all operating periods except the last one we have . Assuming as the total number of returns, then would be the expected number of returns assigned to class . Therefore, the number of required operating periods to remanufacture the returns assigned to class is (if all of the returns are supposed to be remanufactured):
In a similar way, the operating period order at which the jth returned item would be remanufactured can be calculated as indicated below:
From Eq. (1), we know that the completion time of the jth item in the ith category is . If the jth item is completed in the first operating period, its total delay consists of the time it spends in queue, and then in inspection and remanufacturing stations. However, if this item is processed in the second operating period, then its total delay time also includes one idle time or (T − U); if this item is to be completed in the third operating period, then it needs to wait two idle times or 2(T − U). These idle times are in addition to the time it spends in queue, inspection and remanufacturing stations, and so on. Therefore, if this item is to be processed in operating period k, it will see (k − 1) idle times or (k − 1)(T − U), before it is finished. Thus, incorporating Eqs.
(1) and (4), the delay time of the jth returned item considering operating periods and idle times should be revised to:
The first term of Eq. (5) is the total number of idle times before remanufacturing the jth item, , multiplied by the idle time duration ( ). Thus, the first term is the total delay time before finishing the jth item.
The second and third terms, according to Eq. (1), are the required processing times to inspect and remanufacture the jth item. Therefore, Eq. (5) is the total time elapsed to remanufacture the jth item, which is called "waiting time".
Eqs.
(1)-(5) are the basic equations upon which the mathematical model is built.
The profit gained from each remanufactured item is deteriorating exponentially, which is presented with where is the total waiting time for the jth item in the ith class, is the current selling price of a (1)
(3) (4)
remanufactured item, and incorporates holding cost and discounted selling price (Guide et al., 2008) .
The total deteriorated profit for remanufacturing the returns from class in the first operating period is calculated in Eq. (6).
Detailed explanation of Eqs. (6)-(10) is presented in Appendix A. The equation above is the total profit of the first units. In a similar way, the total profit gained for the second operating period (the second units) is:
Totally, items are remanufactured from category . Therefore, from the required number of operating periods to remanufacture all of the items in category is . In a similar manner, the total profit for the operating period is:
Thus, the total remanufacturing profit gained during first operating periods can be obtained by Eq. (9).
For all of the operating periods except the last one, the number of remanufactured products from class is equal to . In the last operating period, however, less than products are remained to be remanufactured.
Therefore, the total profit for the returns remanufactured in the last operating period is not the same as per Eqs. (6)-(8). During operating periods 1 through , the total number of remanufactured products is . Thus, the quantity of remaining products to remanufacture from the ith class is equal to . Therefore, the total profit gained from remanufacturing the returns category , which has been delayed to be remanufactured till the last operating period is:
The total remanufacturing profit function of the ith class (see Eq. (11) below) is obtained by adding (10) and (9).
The objective function of the addressed problem is to maximize the total profit. If the remanufacturer receives a certain quantity of returns and decides on remanufacturing or salvaging them, then the salvage value should be included in the total profit function. Hence, the mathematical model would be:
Subject to:
Objective function (12) is the total of profit gained by remanufacturing products from all categories and salvaging the remaining products. Constraints (13) limit the quantity of returns in each category to the expected quantity 
of returns, which follows multinomial distribution function. Note that the value of is determined by Eq. (1) and , which is not substituted in the total profit formulation to avoid structural complexity. In the next section, a numerical example is presented and the results are discussed.
Mathematical model verification
A numerical example is presented to show the accuracy of the model in the presence of uncertainty in inspection time and remanufacturing time. The parameters and values in this numerical example are presented in Table 1 . As addressed earlier in this paper, the mathematical model is developed on the basis of Pazoki and Abdul-Kader (2014) , in which it is assumed that the remanufacturing stations would never starve. Thus, the arrival rate from the inspection center to a remanufacturing station is always greater than or equal to the process rate of that station (i.e. ). However, such an increase is not large and can be easily accommodated by the buffer or queue located upstream of the station.
To investigate the accuracy of objective function (12), a simulation model is built in ProModel 8.6 and run for three scenarios. The addressed scenarios consider Exponential, Uniform and Normal distributions for all the remanufacturing and inspection times. The results are reported in Table 2 , considering the average value over 30 replications to overcome the variability and to reach the average expected value for the simulation model. The total profit value obtained by the mathematical model is 4,129,022. The relative error is calculated as follows: Scenarios 2 and 3 have the least error values. Note that in the deterministic model the proportions still follow multinomial distribution which creates relative error (i.e. quality conditions are uncertain). Among the three distributions with the given parameters, the smallest variance belongs to the Uniform distribution or scenario 2, followed by scenario 3 and scenario 1. The same order can be observed in the relative error values. Thus, it can be obviously concluded that the amount of error may depend on the distribution variation. These results verify the proposed mathematical model. Thus, although the mathematical model is built upon the assumption of deterministic process times, we expect to see the same average results in the case of stochastic process times.
There are four main reasons why the cumulative deteriorated values (total profit) are almost the same. The first reason is the assumption of greater arrival rate that dictates accumulation of returns before the remanufacturing stations. In this case, whether we consider stochastic or deterministic times, the returns which arrive later have to wait more. The second reason is the structure of the deterioration function which powers e to the negative waiting time. Therefore, the deterioration function scales down the values which, in turn, smooth out the observed variability of the waiting times. The third reason is the deterioration rate which is a very small value and also scales down the waiting time. The fourth reason is that the objective function is the total deteriorated value of the returns. Cumulating the deteriorated values also reduces the variability caused by the stochastic arrival and process times.
In this section, we showed that the mathematical model is relatively acceptable for stochastic systems. In the next section, we further investigate the model performance in the presence of uncertainty.
Brief notes about model complexity
First, we show that the objective function (12) is concave. For the sake of simplicity and without losing generality, we assume only one category for the returns. The objective function then turns to be the following:
Assuming and , the first order derivative of Z is:
and the second order derivative is:
The second order derivative is negative which makes the local optimum the global one. However, because of function floor in defining , the objective function is not continuous. Therefore, using the first order condition is not helpful in this case. If the feasible region for k is all real numbers, then the problem may not have the optimal solution. However, since k only accepts integer values, discontinuity has no impact on the existence of the optimal solution. Since in real world problems the daily number of products received in batches is not too high, direct numeration is an appropriate method to deal with this objective function. As the objective function is concave, if we start from and increase it one unit at a time, we can stop the moment the objective function starts deteriorating and be sure that we are at the optimum point. Each step we compare the marginal profit of remanufacturing (the first term of the objective function) with the salvage value. The point beyond which the salvage value is greater than the marginal remanufacturing profit is the optimum point. If there is only one type of returns, obviously the maximum number of calculations would be equal to . If there are two types of returns or more, since the objective function (12) can be decomposed for each type of return, the maximum number of times we calculate Z would be at most .
Hence, the computational burden is not significant for this model.
Numerical experiments and factor analysis 4.1 Investigating the impact of remanufacturing rates
In Section 3.3, we showed the accuracy of the mathematical model to approximate the average expected value when the remanufacturing times are stochastic. This section investigates the impact of uncertain remanufacturing times on the accuracy of the model. The other limiting assumption we made was that the arrival rate in the intermediate buffers ( ) should be greater than the remanufacturing rate of its remanufacturing station. First we relax this assumption and calculate the accuracy of the mathematical model. Note that in the presence of uncertainty, the simulation model has been run for 30 replications to obtain the average expected profit.
The input data is the same as what was in Section 3 except for the remanufacturing rates. From the data presented in Section 3.3, the critical values for the four remanufacturing stations ( ) would be (for μ i ) 70, 140, 210
and 280, respectively. The remanufacturing time distributions are the same as presented in Table 2 above. The results illustrated in Figs. 3-6 are obtained assuming that all of the returns should be admitted and remanufactured. Note that for each graph, the other inspection and remanufacturing rates are held constant. For instance in Fig. 3 below, only is subject to change and all other values are the same as in Table 1 . The following notations are used in Figs.
(14)
3-6:
• Exponential is the objective function values obtained by the simulation model for exponentially distributed inspection and remanufacturing times.
• Uniform is the objective function values obtained by the simulation model for uniformly distributed inspection and remanufacturing times.
• Normal is the objective function values obtained by the simulation model for normally distributed inspection and remanufacturing times.
• Mathematical model is the objective function value obtained by the mathematical model solved in MAPLE 16.
The results are reported in Tables 4-7. The graphs below are depicting the impacts. (1) as expected, increasing the remanufacturing rate results in increasing the total profit to some extent; (2) increasing the remanufacturing rate results in increasing the error of the mathematical model, and decreasing the stability of the average expected profit;
(3) in all the cases, the uniform distribution which shows the lowest variability is best approximated by the mathematical model; (4) the optimum total profit tends to be stable above a certain value of the remanufacturing rate; and (5) the average expected total profit is stabilized if the remanufacturing rate raises beyond the critical value ( ).
Obviously, this is due to starvation of the station. After the critical value, the objective function in all of the simulated scenarios shows a negligible or no tendency to increase. The critical value is depicted by vertical black dashed line.
In Fig. 3 , the critical value is 70. In Figs. 4-6 we identify 140, 210 and 280, respectively, as the critical values. The value of the mathematical model at the critical values is also illustrated by horizontal black solid line on the graphs. Thus, it can be concluded that if is the case for a remanufacturing firm, the mathematical model should be applied with a reasonable error and can provide insight to decision-makers. Therefore, it is concluded that it is also possible to apply this model where .
In the next section, the sensitivity analysis is performed to investigate the effect of the model parameters.
Sensitivity analysis of the key parameters for HP printers' case
The numerical analyses above are made on the basis of remanufacture-all condition. Next step is to see the impact of various values of primary selling prices, remanufacturing rates, salvage values and deterioration rates on the disposition decision and total profit. To investigate the impact of the aforementioned parameters, the case study of HP printers is considered. The addressed case study is presented in Guide et al. (2008) . We make assumptions about the required information which is not presented in Guide et al. (2008) . For simplicity, we only consider one grade for the returns. The primary selling price of a remanufactured printer is $8000. We assume that only one shift out of 3 working shifts is assigned to remanufacturing. Considering the estimation of 10 days to remanufacture a truckload of printers (250 units) and assuming that the company is operating 3 shifts a day; one printer on average takes 0.96 of an hour to be remanufactured. We also assume that the inspection process takes one third of the remanufacturing process. The deterioration rate for a printer is the total of 5% yearly discount rate and 2% weekly decay rate.
Since the time unit in our example is hours, the hourly deterioration rate is to be considered in the model. Moreover, we consider inventory cost and remanufacturing cost implicitly in the deterioration rate. Therefore, we consider β = 0.0006875 as the minimum hourly deterioration rate by which the value gained by remanufacturing a printer deteriorates. Salvage value of a used printer is assumed to be half of the primary selling price. In order to assess the impact of the addressed parameters on the optimal disposition decision and total profit, the parameters' values are modified in the range of 50% above and below of the addressed values. As a summary, Table 3 below contains the parameters considered in the numerical experiments.
First, the impact of deterioration rate is investigated. For only one truckload of printers to remanufacture, we conduct numerical experiments and we realize that the deterioration rate has no impact on the optimal quantity to remanufacture. However, assuming that 2 full trucks deliver the used printers to the firm, the deterioration rate does affect the total profit and the optimal remanufacturing quantity, as illustrated in Fig. 7.   Fig. 5 Impact of the third station's remanufacturing rate, μ 3 , on the objective function for .
Fig. 6
Impact of the fourth station's remanufacturing rate, μ 4 , on the objective function .
As expected, increasing the deterioration rate reduces profitability of the remanufacturing process. Furthermore, when the deterioration rate increases, fewer returns should be admitted so that the waiting time for the products decreases. Deterioration rate consists of holding cost rate, interest rate and depreciation rate of used products. Thus, an increase in any of the addressed rates results in less remanufacturing and more salvaging, which reduces the total profit.
In Fig. 8 , the primary selling price, is graphed against the optimal remanufacturing quantity and the optimal total profit.
According to Fig. 8 , increasing the selling price decreases the chance that the salvage value surpasses the deteriorated profit for a unit of product. Thus, unless the selling price is below $7000, all of the returns should be remanufactured. The point representing is illustrated in Fig. 8 by the dotted line. At where the selling price is equal to the salvage value, apparently there would be no incentive to remanufacture a product.
Both the remanufacturing quantity and total profit increase by increasing the selling price. Next, we aim at investigating the impact of Salvage value on the remanufacturing quantity and the total profit.
Contrary to the selling price, increasing the salvage value decreases the chance of remanufacturing profitability (Fig. 9 ). The selling price in Fig. 9 is $8000. If the salvage value increases, the incentive to remanufacture obviously decreases. Below $4500 for the salvage value, which is illustrated with a black dotted line on the graph, no product would be sold at its salvage value. From $4500 to $6000, however, the remanufacturing quantity drops from Fig. 7 Impact of the deterioration rate, β, on the optimal remanufacturing quantity and total profit for 2 truckloads of printers.
Fig. 8
Impact of the primary selling price, r, on the optimal remanufacturing quantity and total profit for one truckload or k = 250 printers.
250 to 130. The salvage value dramatically increases the total profit after $4500, implying that how effective is the salvage increase on the company's profit. This means that there exists a salvage value threshold below which all of the returns would be remanufactured. As there is no closed form for the objective function, these threshold values are to be obtained numerically. Fig. 10 illustrates the impact of remanufacturing rate, μ, on the company profitability. For a remanufacturing station which remanufactures only one printer in two hours (i.e. μ = 0.5), 44% of the returns have to be sold immediately to preserve their values. If the remanufacturing process speeds up to remanufacturing 4 printers in 5 h (i.e. μ = 0.8), then all of the returns are kept to remanufacture (illustrated by the black dotted line in Fig. 10 ).
Increasing the remanufacturing rate, μ, definitely increases the profit, as all of the returns would be remanufactured and sold in a relatively shorter time, comparing with the salvage value.
The factor analysis performed in this section indicates how significant could be the product value assessment on the remanufacturing decision and consequently on the company profitability. The addressed analyses also show the drastic impact of remanufacturing process acceleration on the total profit.
Additional numerical analysis
Several parameters are involved in the objective function. However, the impact of some of them is known with certainty and is demonstrated by the graphs for HP printer case. We admit the returns as long as the deteriorated Fig. 9 Impact of the salvage value, Sal, on the optimal remanufacturing quantity and the total profit for one truckload of k = 250 printers.
Fig. 10
Impact of the process rate (number of printers to remanufacture per t) on the optimal remanufacturing quantity and total profit. value is higher than the salvage value. Increasing the deterioration rate β yields in lower profitability of remanufacturing process and consequently decreasing the number of admitted returns. The same holds for the salvage value. On the contrary, when the primary selling price is high, more products would be admitted as the difference between the deteriorated value and the salvage value increases. Increasing the arrival rate also impacts the admission decision only if all of the returns are admitted. The production time has the same effect as the remanufacturing rate; it defines the production capacity of the system. However, the interaction between the aforementioned parameters may be of concern. Therefore, we limit our numerical analysis to a set of scenarios defined upon changes in the proportion of selling price to the remanufacturing rate. Then, we investigate the impact of the deterioration rate on the scenarios.
Since the arrival rate for each category λp is constraining the production quantity, we assume the arrival rate large enough the way that all remanufacturing stations will never starve. A manufacturing facility with three manufacturing stations is considered. Five different scenarios are taken into account for the combination of primary selling prices and remanufacturing rates. The addressed scenarios are introduced in Table 4 below:
The addressed scenarios sufficiently cover all plausible outcome we may be interested to study. We are interested to see if the interaction between the product value and remanufacturing rates would impact the optimum admission decision. In scenario 1, the category with the highest primary selling price also has the highest remanufacturing rate. In scenario 2, which could be considered as a benchmark for scenarios 3 and 5, there is no superiority for one category over the others. Scenario 3 represents the situation where the categories are only different in terms of the selling price. Inverse situation represented by scenario 1 is addressed in scenario 4. Finally, in scenario 5 the categories are only different in terms of the remanufacturing rate. Comparing the results of these scenarios reveals interesting facts about the optimum policies under different conditions. In the first scenario, the category with the highest primary selling price has the highest remanufacturing rate. Not surprisingly, increasing the deterioration rate yields in decreasing the admitted quantity. However, doubling the deterioration rate had more significant effect on the categories with lower selling prices and remanufacturing rates.
In scenario 2, all categories have the same selling price and remanufacturing rate. These results could be considered as benchmark for scenarios 3 and 5.
In scenario 3, the selling prices are different but the remanufacturing rates are the same for all categories. Comparing the results obtained by scenarios 2 and 3 validates the proposed model by showing that the higher the primary selling price and the remanufacturing rate are, the more of the returns should be admitted.
Scenario 4 has the reverse form of scenario 1. In this scenario, the category with lower primary selling price has the highest remanufacturing rate. Results show that in this situation, the quantity of admitted returns for the category with medium primary selling price and remanufacturing rate is more than the two other categories. Moreover, the admitted quantity for categories 1 and 3 is happened to be almost the same.
Finally, scenario 5 is comparable with scenarios 2 and 3 for similarity between the categories in terms of primary selling price or remanufacturing rate. As expected, category 3 with the highest remanufacturing rate experienced the lowest reduction in admission quantity.
The admitted proportions for all scenarios are illustrated in Figs. 11-15 presented below.
Fig. 11
Admitted proportions for scenario 1.
In Fig. 12 , since all of the categories have the same remanufacturing rates and selling price, they must have the same admission decision. This graph acts like a benchmark for the sake of comparison and also to verify the model.
The first reduction in the admission proportions is shown to be less significant than the second reduction, disregarding the remanufacturing rate and the selling price. Furthermore, the third reduction is observed to be less significant than the second one. Therefore, as it can be observed in all of the graphs, the admitted proportions flat out by further increasing the deterioration rates. Thus, the admission proportions has an S-shape form.
Conclusion
One of the main decisions in a remanufacturing system is to choose how many units to remanufacture and how many units to salvage (disposing of the returns). In this paper, disposition decision for a remanufacturing system with multi-level quality grades of the returned products is studied. The received returns first undergo inspection and then the decision would be made to whether remanufacture the returns or sell them immediately at their salvage value. A mathematical model is presented to approximate the total profit.
Two key assumptions make this research study different from the current literature on remanufacturing systems. The first one is the assumption of receiving all of the returns at time zero. This assumption is commonly taken into account in scheduling problems with the value of the returns deteriorating exponentially over the delay time. Unlike most research studies, in this paper returns are received in batches but the deteriorated value is calculated when each unit of product is completely remanufactured. The second assumption is to consider discrete periods of time for the remanufacturing process. A hybrid (re)manufacturing system that is involved in both manufacturing and remanufacturing cannot perform remanufacturing process continuously. In this case, a part of the production period should be assigned to remanufacturing while the rest is devoted to manufacturing new products or any secondary activity such as maintenance. Taking this assumption into account provides managers with the opportunity of investigating the impact of increasing/decreasing the operating period length for remanufacturing activities on the profitability of the company.
The proposed model is concave and also the decision variable is integer. Therefore, the global optimum could be found by comparing the marginal revenue and marginal cost of admitting one more unit. It is emphasized that since the objective function is not continuous and also the decision space is integer, the closed form of the optimum decision is not of interest.
From the numerical example, the results show that while increasing the salvage value, the remanufacturing rate and the primary selling price, increase the profit. However, the deterioration rate has exactly the opposite impact. Moreover, the numerical example showed that although the model is generated on the basis of deterministic remanufacturing times, it still helps the decision-making process by approximating the expected total profit in a system with stochastic arrival and remanufacturing times; the amount of error is relatively low. This capability of the model is confirmed with the aid of a simulation model. Therefore, decision makers may use this model even if the system under investigation is stochastic.
As expected, increasing the deterioration rate and salvage value results in admitting fewer returns. In the contrary, increasing remanufacturing rate and primary selling price increases the admitted quantity.
The impact of deterioration rate is higher on the admitted quantity for the returns which are of less value or have been remanufactured with the lower remanufacturing rate. For the categories which are not the slowest to remanufacture and not of the least value, deterioration rate has less impact on the admitted quantity. Finally, we observed that the admission-deterioration rate graph is S-shaped, implying that there is a unique interval where each category undergoes faster decline in the admitted proportion.
In the presented model it is assumed that different classes of returns are remanufactured in the different stations. However, remanufacturing process for all of the classes of returns may be performed in the same station. This limitation of the present study needs to be addressed in a future research. Moreover, dispatching the returns to the station on the basis of remanufacturing costs and times shall be considered as an extension of this paper.
Appendix A
To obtain Eqs. (6)-(10), we have to solve the following series:
In Eq. (6) we have:
where is the fixed part (a in A.1) and is the terms whose power changes (r in A.1). Note that (A.1) starts from k = 0. Starting from k = 1 we have:
Using (A.3), the Eq. (A.2) would be:
which is the same as (6).
In a similar way, for Eq. (7) we have: where is the fixed part (a in A.1) and is the terms whose power changes (r in A.1). However, we make the following transformation:
This transformation let us to change the range of the series and also its fixed part (a in A.1). Therefore, now we have as the fixed part (a in A.1) and is the terms whose power changes (r in A.1).
Using (A.3) to solve (A.6) we have:
which is the same as Eq. (7).
If we go through the same calculations for the third period, we will obtain:
Looking at the trend in (A.4), (A.7) and (A.8), we conclude that for the Rth period we have:
Therefore, the total deteriorated profit from the first period to the Rth period is:
Eq. (A.10) is transformed to:
where is the fixed part and is the part whose power changes. Since the range of the series has changed, we cannot use (A.3). Using we have: which is the same as (9).
Eq. (10) can be obtained in the same way as (6)-(8). 
